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ABSTPACT 


A moc''el of computation in a languag-o liPe FOPTPAM 
has been defined. It is well hno’^n that the prohle'^ of 
proving termination of urograms ; in its cemplete generality 
is recursively unsolvahle. wc have, hence, developed a 
heuristic algorithm for generating a sufficient condition 
for proving termination of large subclasses of nrof^raras 
within the framevrork of the given model of computation. 

The use of this condition and the techniques for 
proving the condition are illustrated. 
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. A H A P g S .R 1 

‘ S 1 ,1 1 lit r odi T c t i pix 

'['he central prohlems in the area of computer program 
anaiyeie are as follov/s 

1 . Does the progiu-m solve the given problem? 

2. Is the program equivalert to another V for all 

relevant do,ta do both progre.ms copipute the same resSults? 

3. Under v;hat conciitioi-i does the program not terminate? 
or does it terminate for all initial data? 

4.. Can v^'e g;ive a measure of efficiency for a profrom? 

5. Hov/ large is the program? hov; much is tJ-'O ti'. le 
estimation for a complete execution foi’ one set of 
data? 

These que.stions:! are extreviely difficult to ansvrer. 
They sue closel.y connected with the theory of algorithims 
and the study of noth general and specific properties of 
algorithiivjs which are to he realised with a coirn-uter » Some, 
of the above questions 11 he (l)? (2) Q,nd (3) are kr.own to 
be unsolvahle in their complete generality. 

S 1.2 Defip ltions & soiue known results 

In this section, for the sake of continuity, 
we briefly review some of the results obtained in 
theory of computability and mathematical logic. We 
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also note sone standard definitions in graph theory 
for later use. 

The follo\''’'ing definitions in the theory of 
computahility have been taken fron soue s Lc ^^dai d texts 
(44), (45 )j and (46). assune thct the reader 

is familiar ’ ith the fon'ial definition of an algori thin 
or effective x'~a'‘oc edure . A d e c i s i p n . p ro b 1 e m enquires as 
to the tri.;th or falsity of each of a whole class of state- 
.,.enls, and such a proiiltui is (reGursiv''ely ) i^Jisolyable^ 
if there io no algorithim which supjplies all the ans’vers. 
,'e say a decision problar is part ially solvab le if there 
is an effective enumeration of the true statements in 
the class, or equivalently, if there is 0,1; algoiithtrn 
which v/len presented vdth a statement of the class v/bich 
is true, ooiiies to the correct decision, but otl'orwjse 
failej to terminate. 

bet f be any tuning nachine (It') ( 44 ) . e will 
dc.-flne f^5 the function computed by T o,s follows, for 
emy integer x, if the Tl! T when started on input tape 
containing x halts, and. gives y as the output then 

= y% If T on input x does not ialf f^(x) is un- 
defined. If T halts on all inputs, then fg, is a total 
c ompu t a bl e f unc t i on . The class of all functions which 
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I'urin^-.. coTP.pi^tahle is called tie class of p artial 
recursive funo tioris . If a partial recursive function 
is tot 1 it. is called a r e ciir give f im c tl o n . The 
characteristic ^ fin'o ti on of the set A is ^ lunctipn 
f oacf’i that ^ ^ 

= 1 if X fr A 

A sot is said to be recu^:^jv^ if its charactf'rif-tic 
furction io recursive,. A j^ropcrtj' T or integers is said 
to be decicla>ae if A = ^ x[P(x) \ is recursive and un- 
decidab’i e (Tcciirsi'v ely imsolvatie 1 other^'ise . 

Lot t'' bo the xth TJI in the standard indexing 

X 

of llvT's (^5*), Let he the partistJ recursive 

fu 2 ietiori of Ic vuiriahles, computed by the T ■ with index x, 
Pollowiiju; rest. Its are well knovui in the literature* (AA). 
The or erg _ _ 1 

ilriO'ILC ■ikCsLIl.'1 3- It is recursively unsol vahle to 
decide whether am HJ'bitrar^*' T'l. T whoii ctartod 03i Injait 
X halts. 

COLpLJ^AM j2_.5f- It is recursivol;, unaol' v;t,]rio to 
decide whetJier an arbitrary Th T v/hen st.'^rted on blank 
tape halts. 

Tliepj’e^P_2j3j- It is recursively unsolvahlo to decide 
whether an arbitrary gj.ven, Turing machine T halts on 
all inputs . 
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The oreui 1 ,3;- It is recursively unsolvalle to decide 
if for any x & y / ^ . 

Mathematical logic is quite extensivelj- used in 
formalising and analysing the class of problems stated 
So^rlier. I'O now present some of the stando.r d definitions 
needed in thj. s context. These defiiiiti ons hax^e been 
taker, from a staridai'd text on Mathematicad logic (47). 

'"■■'e asouiijo tlic reader is fjim Lliai with the 
existential quantifier (3) and universal quaTitifier 
(\f-) and thoij’ usage, ''■■■'o shall use the sypibols (nc^.';ation) 
and D (itiiplication)' , commas^ paren the; sis , individml 
variables , x^...; individual constants 
predicate letters ; and function letters 

f ^ , f^... The superscript indicates the number of 
arguments . 

The te rirs are defined as 

(a) Variables and individual constants ai o terms 

(b) If f^ is a Ihnction letter, and t^ , t^ ... t^ 

terms then f4 (t^... t^) is a term. 

(c) An expression is a term only if it can he shown to 
be a tern on the basis of clause (a) and (b). 

The predicate letters at-plied to terns yield the atoBiic 
formulae!. e. if a 4 is a predicate letter and t^ . . . t^ are 
tenns, then A? (t^,...t^) is an atomic formula. 
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(v'ff) p.re defired as followss 
(a) Every atonic fornula is a wff. 

(13 ) If A & B are ?jff*s then (-^ A) or (a:> B) -and (Vy A) 
are vffs 

(c) An expression is a t'"ff only if it can he shown to 
ho a wfr on the basis of clauses (a) (h). In 

(Vy A), "A" is called tlte scope of the quantifier 

Vy« 

An occuro.nce of a va,ri.'.hl e x is bound in a v;ff, iff, 

cither it i s the va.riable of a quantifier '( ^/x) ’ in 

the wff, or it is within the scope of a quantifier 

''¥x*‘ in the wff. Otherwise, the occurence is said 

to be free in the wff. If A is a wff and t is a 

term, then t is said to be free for x^^ in A iff 

no free occurences of x^^ in A lies within the 

scope of any quantifier (¥■ x . ) where x. is a 

2 . 3 

variable in t. 

Wffs have moa.nirig only when a,n into rpr e to . t i on is given 
to the symbols,. An interpretation consists of a non- 
empty set D, caliod the dojnain of irrbcrpretatiori, and 
an assigni"jent to e-'.ch predicate letter A^ of an n-piace 

t] 

relation in 1 ), to each function letter f^ of an n place 

t3 

operation in I) (i.c. a function from into ’O), and to 
individual constant some fixed element of D, Given 



such an interpretation, the variables are thought of 
as ranging over D, ‘and other' symbols like A/V,^ 3 

have their usual meaning. Por a given interpretation, 
a wff without free variables (called a closed wff) 
stands for a relation on the domain of the interpretation 
which may be satisfied (true) for some values in the 
domain of free variables and not satisfie d for the 
others , 1 formula P is valid iff P is true in every 

int erpre ta ti on . 

We assume the reader is faiiiiliar with the formal 
definitions of Axioms, Axiom system, Eules of inference, 
completeness, theorem and proof in a logical system. 

It is a well known result that the first order predicate 
calculus is complete and the problem of deciding whether 
any given formula is valid is undecidable. 

Graph theory has been used quite extensively to 
describe the flow of control through a program. ^'Je 
now define the necessary graph theoretic terns for later 
use, A directed' labelled graph 6 is a - tuple (X, Y, B, 
t , ) wher c 

, X is a finite set of vertices 

? C X X X is the set of (directed) 'arcs. 

B is a finite set of (vortex) labels 

is s X>^B is the vertex labelling function. 

; Y—^ i 0, 1 ) is the arc labelling function 



Given a directed labelled graph G we can definte a multi- 
valued function P s X-yX such tho.t {x, j)^Y^y<=P^ 
Henceforth, a graph denotes a directed labelled graph. 

Let (a, b) bo an arc ’a' is called the initial vei-tey ‘ 

& ’b ' is called the term i nal vertex of the arc (a, b) 

C’ is said to be a subgraph of G = (X, V, y ) if 

^ is restriction of V to X’ >: X', t' &Y’ 

are restrictions of t & y to X' & V' respectively. 

A pajdi ji is a sequence of vertices , X2-.-'x^ such 
that (x. , X. , . ) V for 1 i. < Ti -1 The path u is saj d to 
meet each of the vertices x- x« x , ■•■’'e use the no- 

"****^ ' I C « 0 • XI 

tation x.fe-M to denote the fact that u meets x.. 

-J i 3 

In the above definition of ju, x, is called in itia l, 
v ertex and Xj^ the final vertex of p., A path is 
elem entary if it does not meet tho sajue vortex twice. 

A circuit is a finite path p = ( x^ , x^ • • » 3 c^) in 
which tho initial vertex Xj coincides v/ith x^. A circuit 
eme nt ary if apart from the coincident initial and 
tcrijiinal vertex, every vertex which it moots is distinct. 
The length of a path p = (x^ , X2 ... isS the number 
of arcs in the path p ), For two vertices x & y 

of the graph we write x < y if there is a path from x to y . 
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MOTIVATION & AIM 
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One of the most important and time consuming 
phases of computer programming is to ensure that it 
works pro perly , Most of the present day processors 
go little farther than pointing out syntactic errors 
The way a programmer tackles this problem is by 
experienced intuition, for simple programs, supplemented 
by trial and often error for more complicated ones. It 
has been found that the time spent on program testing 
is more than half the entire time spent on the program- 
ming project. It is mot sufficient for a programmer to 
know that the program works most of the time or even 
that, so far, it has never made a mistake. The cost of 
removing errors after a program has gone into use is far 
greater, particularly in the case of items of computer 
manufacturer's software, for which large part of the 
expense is borne by the user. And finally, the cost of 
error in certain types of programs may be almost incalcu- 
lable - a lost spacecraft, a collapsed building, a crashed 
aeroplane or a world war. To avoid these impending 
disasters, effective program checkout is imperative for 
any complex computer program. The real question, therefore, 
is whether a given program can be counted upon to fulfil 
its functional specifications successfully every single 
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time. The ideal thing, therefore, that one can hope 
for is that the verification of the correctness of a 
program he carried out by the computer itself. So that, 
when the correctness of the program, its compiler, and 
the hardware of the computer have all been established 
with a degree of mathematical certainty, it will be 
possible to place great reliance on the results of the 
program, and predict their properties with confidence 
limited only by the reliability of the electronics. As 
McCarthy ( 1 ) notes, that, inspite of the -theoretical 

limitations discussed earlier „tho limitations on 

’ what we have been able to make computers do so far clearly 
come far more from our weakness as programmers than from 
intrinsic limitations of the machine." 

Our interest in this thesis is on a problem 
related to the correctness of a program, namely the 
problem of termination. That is, we are interested in 
finding out whether a given program terminates for all 
values of input data. Engler (IS ) and Manna ( ■2-”^ ) 

have shown that the successful verification of a property 
of the program can be normalised to the notion of termination 
of a program. It is well known that problem of deciding 
termination in its complete generality is recursively 
unsol vable. It can also be shown that there does not 
even exist a partial algorithem ( 4-4 ) for deciding 
toT-m-inati nn nf a nroe-ram and hence what we can at most 
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to develop is an algorithem to tackle large interesting 
subclasses of program schemas. Our aim in this thesis 
is to develop a sufficient condition for termination. A 
substantial effort has recently been put into finding 
m.ethods for proving termination, validity and equivalence. 
Hence for the sake of completeness we briefly survey, 
in the next section, the work reported in these areas. 

§1.4 SURVEY 


Ife have tried to classify the work based on the 
approach and the problem tackled. 

lanov's ( II )paper is perhaps the earliest work 
reported on the theoiy of equivalence of algorithems. He 
considers ’logical schemes' representing the sequential 
and control properties of programs which remain when almost 
all the information about the nature of the basic operations 
are disregarded. He is able to obtain a complete decision 
procedure for the equivalence of schemes, but sacrifices a 
great deal of the essential structure of programs, leaving 
in effect, little more than a finite automata. 

Kaplan (^'O has developed a series of algorithms 
which always produce an answer YES or MAYBE when questioned 
as to the equivalence of two programs. The condition he has 
developed is that the sequence of operators in the regular 
expression constructed from program schema should be finite 



state equivalent. This property is Icnovn to be decidable 
He claims that the class of schemata he has considered 
includes the logical schemata of lanov in the sense that 
the arbitrary restriction placed by lanov that no operator 
may appear twice in a logical schema, has been lomoved. 

Ershov (15 ) was the first to attempt a formalism 
for describing computation. Best part of Ids paper is 
directed tov.rards establishing relationships between his 
■''operator algorithms" and other formalisms, so that ho 
gives little information regarding the equivalence theory 
of algorithms. 

I/[c Car thy ( i ) says that the- theory of finite 
automata docs not seem to be an adequate basis for the 
mathemvctical theory of computation because "the results 
which use finitoness of number of states tend not to be 
very useful in dealing with present computers, which have 
so many states that it is impossible for thorn to go tlirough 
a substantial fraction of them in a reasonable time." He 
has pointed out that the results in the tliv. -ry of corapu- 
ta bility are mainly negative in character. J-Ie advocat€-'s 
a study of mathematical theory of computation one of the 
main gains of which will be the elimination of debugging. 
His aim is also to give a theory for equivalence of compu- 
tation processes. He introduces a formalism using 
conditional expressions, in which now functions are 



produced from old functions by a recursive definition 

process. A computer program in his formalising given 

* 

in the form of a flow diagram, in which the flow of 
coriputatiou is controlled by conditional expressions, 
can be converted to a series of recursive function 
definitions. Various tochniquos are presented whereby 
such recursive functions, and hence progreams may bo 
proved equivalent. 

By postulating ( 3 ) that "the meaning of 
a program is defined by its effect on t?ie statevoctor " 
he has been able to show the correctness of a compiler 
for arithmetic expressions in a very elementary language. 

Cooper ( 9 ) has generalised certain of McCarthy’ 
equivalence proofs involving undefined functions, satisfy 
ing certain caiditions {md relations . Those tecliniques 
seom to be applicable only to program, of a relatively 
simple nature. 

Igarashi ( 12- ) has classified the sto,tements in 
xtLGOL into different typos and for each type he has 
presented a set of axioms and the rules of inference 
which have been shown to be complete. The proofs for 
equivalence of even simple programs is long and cumber- 
some and also, as with all axiomatic approaches, there 
is not even a clue as to how the proof should proceed. 
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Hoare ( \ A- ) has pointed out that the axioms 
for computer arithmetic is not the same as the arithmetic 
familiar to mathematiciaias. The axiom set and rules 
of inference chosen should be in the domain of the 
computer in that their use is confined to a finite set 
of integers and we need special axions to deal with 
special conditions like overflow etc. This paper is 
mainly in the nature of suggestions and does not contain 
any proven results. 

Paterson ( S ^ ) has given a procedure for deciding 

equivalence of loop free schematas^and schematas which 

always converge. He also considers schematas in which 

every statement is in no mere than one loop, that is, no 

or 

loops are nested j^interesecting, subject to the restriction 
that all functions arc monadic. He has shown that the 
problem of equivalence is decidable for these schemata. - 
He has also established that "... it is not necessary for 
the unsolvability for the schemata to have arbitrarily 
complicated flow structures, but it is an open problem 
to find how simple a structure will suffice." 

Ployd (Xl) and Manna ) have developed 

wellformed formulaes associated with program schemas, 

in some system of logic, such that the program schemas 

li 

possesses a proper1y|^and onl y if the wellformed formula 
is shown to be satisfiable or valid in the system. 
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I'lo 3 ''d points out that the semantic definition of. each 
operation in a programming language is .most properly 
given as a logical rule which tells exactly what asser- 
tions can he proved after the operation, from what asser- 
tions are true beforehand. Ho labels each connection in 
the flowchart of a program about the current state at the 
time computation traverses that connection. The general 
method consists of proving for each box in the flowchart, 
that if for any one of the assertions on the arrows leading 
into the box is true before the operation in that box is 
performed, then all of the assertions on the arrows leaving 
away from the box are true after the operation. Once this 
has been proved for every box in the flowchart, then by 
induction on the number of boxes executed, one sees that 
if a program is entered by a connection whose associatsd 
assertion is true, it will be left, if at all, by a connection 
whose associated assertion is also true. He suggests that 
termination of a program can be proved by associating with 
each connection in the flow-uiiart a weight function taking 
its values in a well ordered set, such that after every 
execution of abox the weight function decreases. Lloyd's 
technique of proving termination is necessarily closely 
linked with his technique for establishing the correctness 
of a program. Zohar Manna^s (1-3) technique is a direct 
consequence of Floyd's proposition. That is, he associates 
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with every vertex in the abstract progranij^logical 
formula ( semantic condition ) and by taking the 
conjunction of all these formulas he obtains a well- 
fonned formula in a system of logic which is unsatis- 
fiable if and only if the prograaii schema terminates. 

The formulae developed are long even for simple 
programs. It is well known that the satisfiability 
or validity of a wff is undecidable. Manna has not 
isolated subclasses of program schemas for which his 
technique will come out successfully. 

Though Engler ( I ^ ) has proved that the success- 
ful verification of the property of a program can be 
normalized to the termihation of a program he has not 
dealt with techniques of establishing the same. 

Another interesting approach to study the 
properties of program has been through the use of graph 
theory. The early attempts in this direction are due 
to E.T. Prosser ( 32 - E.B.Marimont ( 3’3 ) ,S.Warshall(34) , 
h.M, Karp (4"^), C.V .Ramamoorthy (5^) and C.J .Meloney 
( 36 ). They all took the connectivity matrix of the 
graph for analysis without looking at the semantics of 
statements. Consequently the results they have obtained 
are, as in graph theory, only regarding the structural 
flaws, lee Krider (4o), e.a. Voorhees (3B )4: M.Meakawa 
(43) have tried to construct a linear string from a 
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program ?jith the aim of obtaining the flowchart of 
the program. Again the results obtained are not of 
any fundamental importance . 

I Cooper ( 8 ) has tried to give some set of 

graph transformation so that any given graph can be 
put in a standard form in which it is easy to prove 
results about the prograia by taking adrrntage of the specia 
foaturos of the graph. ^In interesting question therefore 
is whether a particular transformation increases or 
decreases the complexity of the progiar'i in some sense. 

Basu ( 2- 3 ) has shovm that if the transformations 
suggested by Coojjer arc applied to nodes satisfying a 
certain safety criteria then the complexity^ of the 
cycle structure of the digraph measured in terms of its 
cycle rank ( minimum no. of nodes to be deleted to make 
the graph cycle free ) is hold constant. He has also 

shown that these transformations do not reduce the cycle 

ikoJ- 

rank. An interesting result proved by Paterson jjaust be 
noted here is that any attempt to riiike a rule book of 
transformations for t nans forming any two equivalent 
program schemas into one another must fail. 

Bohm and Jacopini ) have shovm that it is 
not possible to decompose every given. graph into a 
finite number of given base diagriims, but this becomes 
possible at the semantical level. They have shown that 
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for any flow diagram there Is an equiva,lent one which 
is decoiuposahlo into two types of "basic blocks, that is, 
a fori;i in which all loo'ps are properly nested. But, as 
pointed out by Cooper ( \ 0 ), that "if however one's 
motivation is to simplify the program structure so that 
wo may better answer quostions such as whether the 
program loops undofinitely then this transformation at 
the semantica.1 level is of no help at all." v;g note here 
another result from Bohm and Jacopini's paper for later 
reference. They have shown that any program falls into 
one of the throe following types; 





-oOo- 
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CHA P 'I PR 2 

I 2.1 Introduct ion • 

I’j this chapter we present a model of computation 
whicli has heen used in a later analysis, he formalise our 
intuitive notions about computation and other properties 
of pro^^rajiie . he make use of McCarthy's (l) metaf ormalism 
for clef Inina various functions. Implicit use is also made 
of ills axioms for manipulating the conditional expressions 
appearing in these definitions. 

'.Che computation model defined in this chapter 
intuitively depicts the source langU(.age computation. I'his 
not only luakos the results machine independent but alhSO 
allows direct interpretation of the results into real life 
programming languages. Similar models h. ^ve been studied by 
Paterson ( 16 ), Kaplan (21 ) and Manna ( 25 ) . Several 
sirapiiiVing assumptions have )een made in defining, th (2 model. 
Such feo,turos ol' the source longmige as -the use of subroutines , 
su jscri.) tiv d v..iriables etc. have not been ecus the red . liov/ever, 
input/out p’.ii; s t :.i,ia.;Tie3'it;.-i and oond t tonal ansigiiments ha,ve 'een 
iiiclnded v/iiich are similar to thoe found in a i..-.rxguaf.,o 
like POR'filAil. V/e next proceed to describe our idealized 
computnt i 03 i language, called an abstract c omputatiori._ 1^ 

( aOL ). 
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§ 2.2 A.BSTHAC J COMP JTAg lOT LiU^rlL^trE 

The Roman numoers ( ) and upper case 

letters ( A, 3,0,.., ) are used to denote individual 
constants (C). Variablos (V) are denoted by lov/er case 
letters ( a,b,..., x, , U 2 ... , Vg ...)? 

Pn stand for k - place predicate syinbols; f, g, li. . . . , 

cire used to denote function symbols^ logical connectives 
(negation) and v (disjunction) and (conjunction) are 
also used . 


2.2.1 i’lIhCTIOM Ti 


(1) itny of the individual oonstajits, variables or 
empty s;,nabol ( ) is a function terra. 

(2) If f(*., *- *) is an n-ary function 

symbol and t^, t^ t^ are function terms then 
f(t^, t 2 ...t^) is also a function toiin; 

(3) The only function terms are those that can be 
deCined by (1) .and (2) above. 


.2.2 SltiPL.. RKADICaTE TaibVl 


( k ) 

If p^^ is a k-ary predicate sianbol and Xg.-x 

are variable or constants then p.^^^(x-, Xo...x, ) is a 

•^1 1 ’ 2 k 

Simple predicate term. 

2-2.3 IKEDIGai' E TERivl 


(1) Any simple predicate term is a predicate term. 

(2) If B( *2*'‘*n^ ^ n-ary Boolean function 



are predicate terms then so is 
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and t - , t , 


n 


t^ , 




(3)Tlie only predicate terms are those that can be 
• defined by ( 1 ) and (2) above. 


'."/e^ not(-} that any predicate term can be expressed in the 
Lsjunctive normal form (d.n.f) in which each disjunct is 
a k-ary simple predicate texm. 


The ecjuality si£,n is used in different contexts but 
their usage does not cause any confusion. Usual set theoretic 
notations are used. 


2.2.4 A statement S in AOL is one of the following types. 

(1) ASS_IG'-;A.'laUi’ Sib if hJv[iiii\[L' (type A). This is of the 
form u=(J where u is called the assigned variable and 0~ 
is a function term, u is assigned the value of cr . u is 
said to be dependent on the variables in cT • 

( 2 ) THAdbfmR SfAfUi AhUT ( Type UT ) . 

.^his is of the form where i is a positive integer. Control 
s transferred unconditionally to the i statement in the 
'iven sequence of stratements. 

(3) fhCT Sf ATEh-dUT (Type P). This is of the form 

J-.T~ 

■iXP)'t. • predicate term P is true then the i 

V' 

fu tement in the given sequence of stateraonto is executed 
next, else the next sequential instruction is taken. 

(4) C()UniTIG.LtL CA) . This is of the 

form IP(P)u=cr. If the predicate term P is true then the 
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assigiiment u=£r is executed and then the next sequential 
instruction is taken, else the next sequential instruction 
is taken. 

(5) Ijjj ’UT (Typs IP). This is of the form Rc;AP . 
ne effect of executing: this statement is equivalent to 
esignin^]!; a consuimt value to the variable v^. 

(6) OUTPUi (Type OP) This is of the form PKihT v^. 

It just prints out the value of the variable v^^ . 

(7) START (Type I). It is a null statement. 

(8) H.H.LT STATjjjiAUi'rT (Type P). This is of the form 
y'TOP. This statement stops the computation. 

2.2.5 f vari,.i,ble is an input variable if it occurs in a 
statement of tLie tyj)e IP and o ut put var i abl e if it occurs 
in a statement ol the type OP. 

§ 2.3 f ROOR/JVl _SC jhigA ARJ)_ R LOv/ 

2.3.1 i'ROGH^h/I oCilRMA (PS) A (c< & ) ia Wie AOL is a finite 

)rdered sequence of statements in which oC, j3 
nput cincl output v;'xriablcs respectively. 

Given a PS zl ( K 7 j3 ) in aCL, we would like to 
.'■.pLicitly denote tlie flow of control in the schema during 
putation. To this end, we define a flowgraph 
for a PS A ( <^j3 ) as follows. 
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2 “3. 2 of a PS ) is a labelled 

graph (X, Y, Bj ) where 

B = ( A,P, CA, UT, IP, OP, P, I ) 

X j - finite set of vertices corresponding to the 
s statements in PS A (<K ^ ) 

t: X — ^ B is a mapping which denoro.s fche type of 
stcetement associated with the vertex x. 

r, X X X-^( 0,1 ) is a labelling function assigning 
Boolean labels to some arcs. 

then V = (x,y) | k is the set of arcs in G^ 

satisfying following conditions 

(a) If t(x^) = A or IP or OP 

ti:on = ^4 '1:' (Xj,. ) =4) 

(b) If t(Xj^ ) = P 

then P Xj; = ( Xj__j_^ , x^ ) 

^ ( Xj_, =0 {x^, xp = 1 

(c) If t(Xj_) = CA 

then r X = ( x.^,, Xj) ; y {x., x-„,)= 0 

4^ (Xj_, x^)= 1| ^3 = ^i+1 " 

y (x^, x^^3 ) = (j? 

(d) If t(x^) = UP 

thenP x^ = x^; 'V =4^ 

(e) If = P then P x^ = (j) 

(f) If t(x^'^ = I 

then n Xj_ = ^ .(x^, 
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2.3-3 Jik'-A 

■A null statement (type I) is appended to the first 
statement in the PS A ( P ) in ACL. The vertex correspon- 
ding to tills c/k.teraent in is called the start vertex 
Xj , (x 5 Xj)|:\/ . Any vertex x such that t(x)= P 

is called a final vertex, fe note that V/. €-X^^.-fc.'t(A)r F 


Prom now on we consider only those PS's for which the 
flowgrapl'L satisfies the following conditions 

(1) VxtAj 1 ^2^ 

(2) t A A ) 

) Continuity conditions 

X >A C ) 

) 

Intuitively, the continuity condition implies 
that for any vertex x ^ X, there is a path from the start 
vertex' to a f in til vortex meeting x. 

2..3.4 Lemm a ; Let be a flowgraph and lot u= x. ; x. , 

I ihLm *l| mU* 

X. , . . , X . 5 x^ bo an ol 'raentary circuit ( t. o) . Then, 

^3 k 

there exists a pair' of vertices y. and y not contained 

1 c. 

in M such that for some x^ and x. , 1:^m:^k, ^ 

^n 

(y. , X. ) ^ 7 and (x.. , yp) ^ 1 . Proof for this leraina is 

immediate from the continuity condition. 


2.3.5 L0.'E ^2’ ®3** 

of st, itemcnts in a PS J5 ) 



& 


be an ordered secjuence 
let tne corresponding 



24 - 


sequence of vertices in tlie flov/graph G. be x- s x. 

ii 1 -| Ip 

• • X ■ . Tlien, this cindered sequence of statements is said 

to coristitate a (conditional ) l.oop if and only if 

( 1 ) X £ r X. 

^1 " 

(2) t(x. ) = P or UP 


( 3 ) X. , x- . . . X • 
-^1 -*-2 


is an eleincntctry path in G 




iiencef orth, a loon L, defined as a:ove, \vill be described as 


1 = X. , X. 


X IT 

i^^” " i IJote that this sequence of 


vertices is an elementary circuit. 


2.3.6 In the above definition of a loop L, x. is called the 
f irs t ve rtex and Xj^ the las t vertex of the loop L 

2 . 3.7 A loopset L is the set of all loops with the same 
first and last vertices. 

L = i ... ... ] 


2. 3 . 1'. A vertex ot 






is an EXP (of the loopset L ) 

. r> 

if and only if Jij/tXj such thatj y C U L QJdd 

d ' K-i 

(x, y)fe V. 

A vertex x6:L^^^ is an lliMP if and only if 3rfcX 
such that , •2L<^ and (rV . In the above 

definitions (x , y) is called an exit a rc and (2r^7<- ) an 

entr y a rc . 
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2.3.9 Theorem 1 Let 


li '') t L 


be a loop with, an EXP x. 


then t(x. ) = P 


Proof.- Let bo the elementary circuit u= x. , x. 

^2 


X . , X . a 


’^1 


L = [ L ^''\ ] 


Xj^ is an E X P 3*^^ X ' such that y^U 
nd (x. , y)£V and x. ^L^ . 


h , a ) 


an 


-1 


‘-1 


• ” 9 3.21 4= p- S'UlCll bil8."fc X ^ 

) = P <''!■ GA ( from the definition of G-^ ) 


Suppose t(x. ) = CA then let P x.. =f Xj^ 


i " 1*1 




X. 


X. 


h +1 or '■» ^ ^ 


-.•ZtP ^1, *2fc|.i. either = 2 or Xj,= z 




^1 + 1 


If X. / 1^^^ . 

^l + l ^ ti ' jen ( t=^p ^ I , jo 


If X • then x^ (f t) e ^ ^ ^ ^ ^ 


P '• -1.^1 

Prom (1), (2) and (3) ^’x^ = z, y, t ^ 


where t^ , X, t =x^ or x^ , t.(: 


' 1+1 


••• K^^hll 

This is not po^ible in our flowgraph 


t(x. ) 5 ^ CA . . • . t(x. ) = P 


QED 






(3 
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2.3*10 Let the loop 1^"'^ he the elementary circuit 

( 2 ) 

u. = X. , X- , . . , x^ , X. and the loop 1 he the 

J I ^2 k 

elementary circuit u^ = x . , x • . . . x . > x. . let SL= 

J-] j 2 ^k "^1 

S,-^x I xtli-,^ & Sg ='{^xl xt-Pg^- loops are 

said to de ^nd_epenclent if and only if H S2 = 0 

The ’two loops are said to he concentric if either S^=S^nS2 

ox S2 = *^'^2 * In the former case 1^^^ is said to 

( 1 ) 

enclose or £Oi'italn 1^ and in the latr,or vice-versa. 

In all the other cases, the loops are said to he 
inte rso c ting . Two loopsets are intersectiijg if lany two loops 
- one from e^ ich loopset, intersect. A loop is said to be the 
innerm ost loop if it does not enclose any other loop. 

2*3*11 SI HlLL L OOP s- A loop I is said to be simple if 
and only if 

(1) L docs not intersect any loop in the graph 
other than itself 

(2) L does not enclose any other loop in the graph. 

(3) L has exactly one EXP. 


x± , 
^1 




x^. he a path in corresponding 




2 . 3*12 Lot p = 
to a PS ^ (o(,p) . 

Let.: B(p) x^jr^such that t(x) = A and is 

the assigned variable in this statement 

B(}j) is called the sot of all hound variables in p 

F(u) = V - B(p) denotes the set of free variables in u 
' ’ where ? is the set of all variables in PEA (OC.,^) 
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2.3.13 conclude this section after defining a 

function associated with the vertex x of a flov/graph 
corrospondiag to the statement S in the PS A for 

later use. 


X 

= if. 

S= (^lP(P)t^) 

then 

P 

else 

if 

S= (iP(P)u =&) 

tt^n 

P 

else 

hi 

3= (^PPAJ 'j 

then 


else S. 






§2.4 OP EAKGU fI0i4 OF A ^ 

Having described the syntax of a PS and its flowgraph 
wo now coasi' or the semantics of the PS. The various symbols 
and s tat(:;mont 8 occurj.ng in our PS have no semantic content 
assigned to them so far. An interpretation I is a domain 
Dj- and a mapping of function and predicate symbols into 
functions and predicates and variable and constant symbols 
into constants in that domain Dj-. 1(1) stands for the inter- 
pretation assigned to the letter 
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An interpreted PS is tlien, in effect, a computer program 
Vviiich could bo execu.ted on some idealized computer. In a 
given computational context, only a subclass of the set of all 
interpret. '.tions may be of interest, li/'e define such a class 
of interpretations in a later chapter. Without loss of 
genercility, mo shall always consider the domain of iiiterpreta- 
tion to be the sot of all positive integers 

file exact number of variables occuring in a Pb is of 
no impoi'to.nco, but only that their number should be finite, 
say (A . The values assigned to the vEiriables in a PS 
are ordered in some arbitrary fashion and grouped in a vector 
called the statevector, such that i|.(v) gives the value 
associated with the variable 'v' if it has been assigned a 
value and is undefined otherwise. Hence we can think of it 
as the state of the computer executing the interpreted PS. 

Lot 'I' be an interpretation, z be a function 
term (2*2.1) and a statevector. The semantics of the 
function terra z with respect to I & r|. is given by 

zCl,i|0 = if z S5 v^ then ) 

else if z = k- then I(k. ) I 

Jm JL I 

else if z = f(a'..,'t ) then I(f )(cr (I,r^) . . (I,r|)) | 

....2.4»1* I 

where 07 ...n: are function terms. j 

i 

The new state (v^ = cr) which results frora the | 

execution of the assignment (Vj|^= or) on the statevector r| is | 

* f 

com:.‘uted by replacing the element in corresponding to v^ | 
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with Tzil^ That is 

(v^) = if r = i then tifj'j \) else 
0 

for \ ^Uj , where U> is the 
number of variables in IS 


2 . 4 . 2 . 

The truth value of the simple predicate term (2.2.2.) 

X 2 ....Xj^) with respect to I and statevector 
rj[ is obtained using the following 

= i£ ^ ^ ^ i ^ ^ ) = 1 then T _els^ 

l^Vhere r^(x^) = <i Y then else T(x^). 

■The truth value of a predicate term P with respect to 
I and sfcatovcctor is obtained using the following. 


P = if. P = B (P, p ) then 


il B (P( I.i,) .--P^tgg) 


else P 


= T then 1 

... (2.4.4.) 


Wo ."xro now in a position to describe computation in 
a PS, and for this purpose we institute a device like that 
instant .uteous description of Turing machines. The output 
statevuctor resulting from the execution of an interpreted 
PS A (c<, Ji) with the flowgraph , starting with an 

initi.il state vector is denoted by A (^1^ ) and is computed 

by the partial execution function E. 

that is A (I, %) = E (A , I, 2 Cj) where for any 


x€-X 
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E(/l, = if i(x)=AArjC=y then E(£i^I, (x)l.-/ 

’ gisQ if t(x) = P or OA^r^= (y,2) then 

if(x)Cr,n.) • = T then E _ 

else E (i^ , 2) 

if t(x) = UT or OP,, P-^ =y then E(Al,i^j.,y) 
if f(x) = IPAr'^= y i]ieii E( 4 ^I,(x =A)((I,i^^) ,y) 
if f(x) = lAr>c = y tto E(n^I,i^_L» y ) 

Oise ijP.t(x) = E then 2 . 4.5 

Prom the above it is clear that , if the statevector 
prior to oxocutlng the statement ( in the PSA (3(>_^) corres- 
ponding to the vertex x in is r^, then after execution of 
this statomunt the new statevector is given by 

= if. f ( ^ ) =-'i then ( x ) ( I , ) 

else if t(x) = IP then ( (x)=A )(l,r[. ) else 

.... 2.4.6. 

Heneo, wo see that' the execution proceeds exactly 
as our Intuition would indicate. 

2.4.7 In t’ti;.- aiove the value of the partial execution 
function E at x, that is E(A-,I>n x ), is equal to 
E(A.,I, r^, y) and is called the 4 -tupl e corresponding: to 
the vertex x. 

2.4.9 Eon a given PS A ) under some interpretation I with 

initial input statevector the sequence generated by the 
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partial execution function E acting on the flowgraph. is 
called the execution sequenc e EXS (A^I, sequence 

is of the form 


E(/i,I,i|j-,Xp), E(;^ ,I,r|jX^^), E(A.I,x|^^ , X., ) 

“2 

.««E (A. ,1, n > ^ > 

^i . 
j 

Ihiis implies the flow of control or the execution 
sequence ti.'aced the path x-^, x. , x- .. x , x. ..in G 

1 ij i2 

2.4.9 Termination of a program schema : 

A ESA(o(,p) is said to be terminating if and only if 
under jiny inturpretation I and for any input state - 
statevoctor i|.j EXS (5,1, is finite. 

2.4.10 Equival ence of two program schemas % 

Two progr ,ra schemas A( ) & Z\ ( 0 ( 5 13) are strongly 

equiv.'.d<nit if for every interpretation I and for the same set 

of values assigned to the input variables in5( either both PS’ 
•terminate and uield the same set of values for the variables 
in^ or both do not terminate. 

2.4.11 Before wo conclude this chapter we impose a 

a somanbic condition on the flowgraphswhich we will consider, 
henceforth, for analysis. The condition is as follows. 
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For overy vertex x€:X and for all interpretations 
I of PS /\ { there exists an input statevector 

such that the path traced hy EXS(/1 ,1, ) meets the vortex 

X. In the above, is called the permissible statevector 

with res pe ct to x 
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C H A P T- E R 3 

B 3.1 lET PO TJ'J 'CTIOR 

in this cl'uipter wo develop the condition for 
toi't iin.'itiorj, of interpreted program schemas. The model of 
cot'ij'T.’ ta tiooi duveloped in chapter 3 is used. The analysis 
is carried out at the metaprogram level which wo assume, 
can bo intorpro.tcd and executed hy a copiputer. The 
symbols usu'cl in this analysis should not be confused with 
wymb'oli' in t}:o A(JL, 


S 3.'’ l!ot:'! t iers Definitions 

In lhi£! section we define some teims for later use. 
It is easy to show that program schemas containing 
loops always terminate. Unless othurwioe mentioned 
the follov^ing sot* of notations will be used through the 


rest of thivS cIii..ptor. 

I'*,; i Ox, B) be a P Z with flowgraph Qr^ ; 

^ Li - -^ik’ ^i,» ^ ’ 

be a permiosible statevoctor (2.4.11) with respect 

to tlx I'LhJ' x.„'; (x. . , X. be an exit arc of L ; 
iiTr 13’ in' 

B(L) be the t.et of bound variables in 1 denoted by 


V . , V . , 

y j' 


V. h In general, B(u) denotes the set 

jUi J 


of bound vurieiblee in V(L) be the set of all variables 
in The execution sequence E X S (A , I, traces 


j.ui on 


ntry arc (a, x.„) of L, say. Then, there are two 


* Henceforth, x, . stands for x. where t is any string and i and x 


of the lower case letters- 


are 
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consecutive 4-tuples of the form E(/\ ,1, n , x. ), 

E(A ,1, x^p) in E X S(A ,1, , where x^p) 

(: 1 and is statevector after executing -the statement 

corresponding to the vertex z. is called the input 

state vector of L with resrect to EHP x. 



3. 2.2 The execution sequence E X S (A , I, n. ) is said 

* 1 t < 1 " 

exi t from L thrd x. . if it traces an exit arc 

J- J 

( X . . j X . ) „ 

^ x-y in • 

3 .2. 3 I’he loop L is said to he terminating if and only 
if fo 2 - evi.’ry interpretation of A ^ ,f) snd for every 
permi£5Sib‘l c statevector r|j with respect to any EEP of 
the loop L, the execution sequence EXS (A ,1? exits 
from the loop. 

3.2.4 The lai’gest subsequence of 4-tuples of EXS (A, I, 

r|j|-) consi t'ting of the 4-tuples corresponding to an EIP 
^im including the 4-tuple corresponding 

to an EXi' x, . of L constitutes the l oop execution sequence 

1 J 

LeS (b, n„, X . - ) of L. Mote that the EMP of the loop is 

» Z X J 

contained as a component in 

3.2.3 If in the LEb (L, x^^^) the 4-tuple correspond- 

ing to a vertex x occurs K + 1 times then the loop is 
said to have been executed k-timeo with respect to x 
1^,.^ T1 (a., I, I, Xjj, 1) stajids for the' 

statfc)vector obtained after executing the loop L i-times 
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with respect to and with as the input statevoctor 

of L at the EiNfi' x- 

ira. 

stands for the statevector 

obtained after executing the path u = x.., x.^ ... x-v 

dV ^ 3-*^ 

in A ,jFi) uxidor I and with a permissible statevector 
witi] iv'cpcct to x^^, where EXS (A ,1, n^^ ) trace 
(x, X } 

JoirjAi I'Omi!'!." ! ¥ I, EXS (hjl, r^j.) exits from L thro' 
EXh x^ j 3f and only if the predicate Q defined below is 


true 


Q 


= :i£ (I, 


fp 


3_g ^ ^in^ 


1 

0 


tli.'n T else P 

'■'lurro EX!.'- (A , I, n . ) traces (x. , x. J 4 L • Proof for 

1 IS 3- J 

tins ‘l.cnna ir. inunodirite from (3.b^ 

'• i .2 , * i'iSHHii- loop L terminates if and only if for 
li'Vv.r.y lior-triissihle atvOtevector with respect to any 
li'Ii' of the l.cnn h, the predicate Q defined as above is 
triu;, Proof follows from (3.2.8) & (3.2.4). 

3.2 .10 Lo op predicate- If for a vertex x f.j t(x')-P &■ 
X is an SXl’ for some loop L then (x) is a loop predicate 


of L. 

V.t; e.ssume every loop predicate is expressed in its 
d.n.f. In addition we assume the set of predicates is closed 





36 


under negation. 

Therefore^ given any PSA(<^ 5 p) we can construct 
an equivalent PS such that in ’ = {Y} , 

if (x , y’) is an exit arc of a loop L in A' K, p) then 
(x ' , y ' ) = 1 . 

3.2^1'! ''Vv^ note that the sot of positive integers is 
well, oi'dort.'d with rt'spect to<. Hence, there can not be 
an infinite decreasing sequence in 
Bounda.'d dc'crens.ing sequence 

A cequonco , Xp ... Xj^ ... of integers in N"'’ 
i.‘ a hnuncocl dt. creasing sequence if for any i 

a > =‘ 1+1 a - =‘ 1+1 i =‘1 

Liiaitt.'d Bounded Sequence is a bounded sequence ending in 


zero . 

i-'redlc'tte v a lue sequence; If (x^ , Xp ... x^^) is 

a, k-uiy sii'iplo predicate tenn in the d.n.f. of a loop 
prcdica.te P corresponding to the EXP x^^^ of L, then the 
st.-tiufitcc of q-tupic of values associated with the set of 
all va,riablcs .in V(I), occurring in the sequence of 


at.atevuctorr 


T1 (A.T. L. x.j^, 

2) ... L, 

predi cate value sequence . 




l), TL jl, ^2^ ^i j ’ 

^±y ^im’ called the 

The sequence is of the form 



) 


hf>. 


(nj? 


where v^*' denotes 


v^2)) 

Da /' 
T1 


\ X y 




P, 
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^ ira ’ 


3 .2 A? Slac k function; Let Q be the predicate value 
sc'quorico aeoociated lA'ith a simple predicate term T = ] 


,(k) 




'2 


X, } in the d.n.f. of the loop predicate* P in the 

IL 


EXP X- . of L. Then, a function f % H W is called a 
Sl ack function of the simple predicate term under the 
prodicati; value soquccico Q if it satisfies either of 
t/io ft)i.l Ci^'int^: conditions s 
C(>n dlt ion 1a 

¥i, f iv , V p ... V. " ^;iq ) 


> J | 






(n) 

"•k 


xl --' )A 


’ ^2 


^k ^ 


t)r 

Condition 1’b 

Vi,f (v$^ ^ ,y\1\ . )> f (v^^'^'' ^ 


i, ■■■■■01 




, v: 


(i+1 ) 
02 


v ( i + l ) 

01 


) 


.(n) 
“■2 


y iX, y X 


:W))a 


( Vy ^0 ^ 


P 


(k) fjr) 


0 


( x<J 


j Xp 


•k 


A 


(i) ^(i) 


fin , 
h 


02 • 


,(i) 

01 






0 


01 


< f(vA'. v: 


v ( i ) ) 
01 


,(i) „(i) 

Oi ’ 02 ' * 

3.2.r5 Allowable interpretations- An interpretation I 
iv said to bo allowable for^ (c<.» JB) ff "t^here exists a 
slack function associated with atleast one of the simple 
predicates terras in the d.n.f. of at least one of the loop 
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prc'dicatcs of every loop L in . 

Intuitively this means that we allow only those 
interpri..'tationa of a program schema in which with some 
loop predicates of every loop, we can associate a slack 
function that is monotonically decreasing or monotonically 
dccro ..f-ing in a bounded fashion. Hencej the ha, sic philoso- 
phy o.f our apt'ro.ich to prove termination is to construct 
a w..ip'1'it: function for every loop for the given interpre- 
tMi.icn. hue '..-OSS in such an attempt for any loop^implies 
the loop tcm'iulnatcs bec.auso of oonditionl'V ler^ma 4.2.9. 

Wr. t.xonplify our technique 'with the following example. 
i;x.amp.la 1 Let us consider the following interpreted 
prog 3 am schema with the standard interpretation of the 
symbo.1 s : 

1 . i = 1 

.;i q _ n 

3 V/ (l4 n)f'^ 

4, !• = Z + A 
n. i = 1 + 1 

6 . ^3 

7. STOP 

Let ^ i(njA) ,]B=(i,s 
PS is; A (o<, f) 
is oJbov/e. 
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jj = X- x^ is a loop in with i7=' n as the loop 

pxoihicai.o. Lot ’as define n-i as the slack function asso- 
c.i;:.tj;d with this loop predicate. Honce^ for every execution 
of tl -,' loi-’p n-i docreo.sc and onco it become negative the 
ox ec;; tion ouquenco exits from the loop and hence our usual 
;ix, t. 2'j. r , t.'vtion of>is an allowable intiorpretation. This 
ir ()b\ iouri.(,t L'U'j for any x ^ HencCj we conclurl ? that 

thr jOO';i tl ‘rnrlri;. ton and honce the program termj nates. 

■. o noti. that the loop predicate is satisfied for 
ihev fiii't ti'ioe Ihc value of the slack function is negative, 
it ni .’U Tict -ilways be true for all allowable interpreta- 
tioH, ),i;.':t tbo locp predicate becomes true only when the 
slack fnru^tiuii becomes negative. 
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^ 4 Heuristic A lgor ithia F or Finding 

A Sla ck Fii ncti on . 

5.3.1 In this and the next section we develop an heuristic 
algorith'-'i for finding a slack function, in a real life PS 

in fh tie prod j cate syvrihols allowed are ^ ^ ^ 

and the function symbols are We will assign 

thce^o function and predicate symbols only the usual interpre- 
ts tioi! givc-n to tien in arithmetic. Other symbols are as 
in ti.e ACL, We assume, unless otherwise mentioned, that 
all the PS v.'c consider for analysis in this section and 
fill-tier have no intersecting loopsets in their flowgraphs. 

3.3.2 Let ^xk ^ path in a PS A (<q(,^). 

Let B( |i )- ( v^^, v^ 2 > ‘--^jn ^ 

xhe free computation sequence of the path p., Z(p), is a 
sccjuent-o of n-tuple of strings of symbols defined inductively 
o.f’ follows. ( S(p)(x) stands for the term in Z(p) correspond- 
ing to t\'i vertex x^ p, and Z(p)(x)(v^^) stands for the i1^h 
element or the cl> merit corresponding to v^^ in this term ). 
I’hHt is, Z(p)- Z(p)(x-^), Z(p)(x. 2 ),... Z(p)(x.j^), where 

(1) Z{p)ix^^)= if t(x.^)=^ A A ( 3c^-i)= = o" ) 

■^jr+1’ ••• 

else if IP A ) = "^jr -- 

^j2 ^jr+r *"•* 

else Vj 2 » ••• where C f 



'■'(f) ) if )- -S-A (■^ij+1 ) = (''f.ip = cr) then 

<i;(f)(x^j)(v.^), •■Z{f)(x.j){v.^_^), ’'jt 

°^r1 ' %:2’ ” ' * ‘^rt ’ 

i£ j?he_n 

^ ..(p) (x^ , jlv^^ ) , . . »Z(p) (x^^ ) ) , C> . . .Z(^) ) (v^^) > 




■Ise Z(\i)ix^.) 


>’.h< '•'(.- w 


'*’jT >'"'^2’ variali-les occuri.ng in cr* 

“^k- = i-? '’j)i= til® Z{(i)(x.p(y^g) 


(.‘i;/f \v 


>tl.d 


:ik 


^1.^2* •■ 


n 


h V 


q q . . , . n stands for the string obtained 

''’‘hi 

svntuciic substitution of , q^, ...q^, for t^ , ^2’“'’^ 


,rcs; .;ft.ief*ly in S, and t. , tp, .,,t , q q are 

^ ^ ' C. ^ « e 0 it Jj. 

.•tl'ilk c'f syibfils?. 

e (jJ ) ^ ^ is C'Ulied the result of the path ^5 and is denoted 

b.V .V <.|0 K (y ) (\' j I ) denotes Z (}i ) (x^ ^ ) . 


■5,5, 'j L i-in.A.i ; - Let 
B ( |i ) : - i 1 » ''' i ? > . . . V 


F" ^il » ""i2 


x^2? ' • ‘^il!: be a path and 
be the set of bound variables 


J2' 

ill }i. Tbon, for R(}i)(v^^) is a function term. 

■FR(X5F"- j-ronf is by induction on the number of vertices in 

Boalo - Corit'iicicr the path p** with one vertex. 

', A ; 1. •. ;-ith .■■■'>>' a'Iso be henceforth, called ar the 

frne computation vector. 
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B ( p')= ^(p') )- ^ t(Xj^^)=A (x. - )=(v . = cr) then 

^^31 ^'^ 32 ' • '^3r+1 ’ * ° •'^3n> 

9i§£ i£ )=IPy\(Xj_^ ) = (v. ) then 

% 

<^31 » ^32’ •• *^3r-1 ’ ■^jr+l ’ "*^ 3 n '7 
-~^^ 3 'I’^ 32 ’*“^ 3 n> 

wl.crc cr !;■ u ihni-tiun term,C is a constant. 


.*. n(ii’)(v.^) for l^i^n is a function term. 

liiii at t, i p’'= Xj_i > ^i2’ ■ ° ’^im-l 

wjtl. ^j 2 ’*'*"^ 3 q^ bound variables in it. 

I’hci'i, Kln'')(vj^), is a function term. 

V/c; have to ihav; iiiat for p''’= > ^i 2 ’‘*'^im-V ^im 

Hip ' ' ' ) (“v..^ ) if> u function term. 

«l 

But hCp'’)(v^P=: ' ^^^im -1 1 $:i^q . 

Case I.-" let t(Xj^) =A and (Xj_ui) = ('^jr” 1 ^ -and 

V , j,f,; bound in u ’ ’ ' . 

T-l., I, , a>» " ' ) (Xj^ )= <Z (n " ’ ) ) (y .,),... z (ji ’” ) ) 

w . . , V/ - ot • • •W- + 

... Z(p'")(Xj_jj^^T)(v^q)X 

r1 » '^r2 ’ ' • •'^t , 

) f'^ini -1 ^ • •Z(p ' ' ) ^ ^"^ 3 r -1 ^ 

fUf 




Czf“ ’ ’ 


. .w ., 
3 

. .X. 


^r 1 * ^r 2 '^ * * ’"^rt 


...(2) 

t 

«^1 f0(j,2 » • *°<rt ’ • • * 
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. . .R(p. ' ' ) (v^^) 

r.t.cro ^ "" ^;js <<1 i^en 2(^" ' ) ) (v^^) 




t.‘ ! £'C W 


jk" 


U- v; 


'jk='''js 1 i s <. <1 ^ z (^ " ) ) (V ) 


t.'I.K’C W. 


jk' 


■■■ — j k'“^' j f, ^ ^ H (^ 1 " ) (v 


OS' 




i5!it by ! .... ;; (.|i ’ ' ) (v . _ ) is a func’tion tern, and w., is 

0 i ’ jk 


t’.i! (• t > - t. l< r 


.i ' V ’ 


jt 


• " is a function tcrin 

>v”**''‘rt 


(’ ■£ .. P 


'■4 ^". 1 r ^ tirsn 


or 


obvi.' : i;," i'. (u ’ ' ’ ) (v . ) is cr that is, a function term 

J * 

• *• t V ‘ ‘ ' ) (v , ) , 1‘:$.r<q is a function terra. 

fas t,; t:- • irinarfy, it is seen that in all other cases. 


tb'it i.-;, tCxj, ) / A, R(u’'')(v..) is a function term, 
ll*. stM.!, isnta- that function terras are closed under the 
Cf' jst i-n of syntnctic suhstitution of function terms. 


QED 
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1 ^ 


3.3.4 Theor_em ;- let ]i = s ^ path in a 

l-'S ,A(o(,|i) and ‘ ‘ ’"^jn^ variables in it 

then 5 

Vi, Hi^n, Xj_^ ) ) (v^^ )=E(]i) (v^^ ) (I, 

wliere for n^ a permissible statevector xv.r.t the T'JXS(41,T ,nj ) 
traces (x, ) 

(T(41 I j 2 |^ ) is abbrevia.ted as 4" ) ) 

PROd'h- We induct on the number of vertices in the path p. 
Basi ss- Let ]-i'=Xj^^, be a path rath ora vertex. 

If t(x^^)= A and = *^ ) “ tLen R(p' ) = ,v^ 2 >? • • • ^ 

....v.n> 


.‘. ¥i, E.(ja' ) (I,i|^) = if i 7 ^ r then 

else o- (I, 

ProM the dolinitjon of T we have 




“i1 


^r 


01 ' 




.*• ^i, Ki^, ^x’^' ’^i1 ^ ) ^^ji • 

Now, if t(x^^) j4 .V then it immediately follo’^s that the 

theorem is true for a path consisting of the single vertex, 


Induct ion M .y pothosis; - 

¥i, , (T'(3:f^,p",Xj_^ )) (v^j_)=R(v")(v.j)(I,r|^) 

v;herc pi'’= '^i2* ***^4111-1 

Left p*''= x^_-j, 
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OR 


?x 

im-1 


(<i) If ^ BCp’*') then - w^j^- 

••• ^ B(vi’'’) 

“dk 'k.„_, (’^jp) 


In o~ 


w.^, w.^, ... 


w 




0(3,1 , or. 


r2' 




every variable in cr is 


rubetituted 


rt 


by the corresponding (2(33. and the value assigned to these cxf^'s 

is the value that the corresponding variable 01^^ replaces, has 

in n, . That is, every variable in cr is assigned the value 

im-1 

it Virould have in 


im-1 


cr 


/■I, w.. 




'^rl ’ ^r2’ • * • ‘^] 


(i,^c) = ^d’^. ) 


rt 


im-1 


.*. R(p.' ' ' )(v. )(I,n )= cr (I,n ) 

,ji ira-1 

Also, lJ"',x.p)(v_)= (v.^) 


im 


= ((v. = cr)(l,n ))(v. ) 

’^im-1 ^ 


CrCl, ri ) 
'im-1 


QED 


Prom ihis it is seen that the component corresponding to a 
vaiioble in the result of a path perfonas the same transformation 
of its value as the path would do for the same input vector. 
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3.3.5 COROLLAHY s- 


Let u= X.. ^ , X.. 


^ path in 


the flow&ruph of a PSA(o<,p). Let t(Xj_j^)= P or Cl, 
rj.j h 0 a permissible statevector w.r.t. Xj^^ and I be any 
interpieto.tion. Suppose E2S (A traces the input arc 

(x, x^^ ) and let be the statevector after executing the 
statei'ient corresponding to vertex x. Then, 


w . , 


w . . , w . o »» • + 

)=T4:^(x.j^) J1 J "" J (Ur^)=T 

» ^^T’O > • * ‘^y 


^r2 


Vt 


w 


j1 • 


are all the variables occuring in the predicate 


(Xij^) and x^^ . . .x^^ are the components of R(|i) corresponding 
to , ... 

PROOF; — Prom 3*3.4 v^e have 

Vi, 1 in, Z(p)(x^j^_^ ) (v^^ ) (l,i|^)=(T' ,x^^ ) ) 


O: 

wliere p" = Xj_^ , ^i2’'"“^ik-1 


If w ■ ■ 




then from 3.3.4 


and t(Xjj^)= P or Cl and n = n 

ik-1 ' ik 

w^l, 

^^ik^ X X 


.w 


js 


.X^_ (l,I|x)-^^ik^ 


QEL 
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3.3.6 Having developed tlie necessary results, we nov\r 
present our heuristic algorithm for obtaining a slack 
function. 


Let- L = X. s x.^, ... X., be a siraple loop. 

1 -| 1 41 IH. 

•Ve assume for simplicity, that the loop predicate at the 
iHXP Xj^j is a simple predicate term. Let (x^j) = w^pwg where 

and w^, Wg e 5 ^ ’ * ‘"^ik ^ 

^i1 » • . Xj ^ , ... Xj^^, be the input statevector of 

L w.r.t an El'EP x^^^; (x, z) be an exit arc, B(p) is the set 
of bound variables in p, Hi 

permissible statevector w.r.t. Ei'IP x^^^. 

The ] ath traced by the EXS(a^I, if the loop were 

executed r - times w.r.t, EXP x^^, would be of the form 

p' = x^j^, ... x^^ ^ F ) . It is clear from the aoove 

that the loop L terminates (exits thro' x. always) if and only 

1 J 

If the loop V= ... x.j^, ... , 

tormlnates . 


Let ; 

M( w.| , W 2 ) = i£. P i s > -y ( X , z ) = 1 ./ P i s 4 V ^ 

/''(x,z)= 0 then W 2 - w.j 

M P is yv'v / nH^(x,z)= 0 V p is < A'f(x,z)=1 

then w..| - W 2 
(w., - W 2 ) or ( Wg- w.| ) 


else 



Let^ 
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.n 


CX„ , r^' 2 = if w = V and B(u) 


qs 


qs 


then K(u^)(v _) else 


w 


where 


n 


p denotes the path repeated r -time! 


Let 


)= f^ ( w. , w,)= M '^V '’’^2 

li I II ^ 

I Jv j h A. rj 


)= f^^.j (w^ , Wp ) 


M 


, Wp 


n+1 n+1 

2 




(n) 


where ' denotes the valu takes in the 


loop at the end of n - iterations. 


./o 


know from ( 3 . 3 , 4 ) for 1 , IL (z;, 1, L, 


X 


i,1 ’ ^'im’ ^3i'' = K(p'^)(v.. )( I, p) 


& I'L (A^I,pjP L, ^j_j> ^im’ “L ^ ^ '^3 i ^ ^ ^ 


.. ,( 1 ) 
...( 2 ) 


we also tiavc from (5.3.5) 


”l , "2 




n 


) =1 


'■■ (XwJ 


w 


1 » ^'^2 


im ^ 


nti 1 n+1 n+1 ) 

^ n qiX, 


j) 4^#Ai» 2 


ID 


for 1 t < ;■ such that w- e S(u) we have from (1) 


I’L ,h, , Xj_^^ , h )(w^) = R(p^)(Wj_)(l,pj^) 

• • , Wp )= M(I, TL (h,I, L, Xj_^ , n) 


Wp 

M (I, ) 


fjX 9 CJCr' 
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( 


^ n n 
ac. y 0^2 


W^ , Wg 


“ n+1 n+1 ^ ^ 


. Now 


OC ^ 5 k, JX. pf 


it is clear from the construction that ’^2 ' ^n+1 *'''^1 ’^2^ 

3 niv^ w^^^))-v(Vg ^ ). O'-i- 

If p is = and 'f(x,z)= 1 or p is ^ and f(x,z) = 0 then we have 


to show that fj 3 _(w-| , w^ 

.'. v'/e will be thro' if we show that V 

¥n, (w^, ^2)>^n+1 "^2)- 


For this purpose we give here some examples using 
standard symbols manipulation techniques. Some more complicated 
ones are done in the appendix. 


hAAi.t-PL J 1 ,- Consider the PS z:i(cx,-p) given belov\^ with standard 
interpre tations for the symbols. 


1 . ItiaiD f 

2 , liEiil) Z 

3 . >: = 0 

4. X = X+K 

5. IF(x y) g 

6. y = y-1 

7 . 4 

8. STUP 



The fiowgraph is given above. 
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Jj = 4,5,6,754; JJ. = 6, 7, 4, 5 5 = x; = j 

Let 

R( fi°) = ( x^, y^, ) 

Assume as induction hypothesis - 

H{ ).“)=(X„+nZ^, T„-n, Z^ 

.■, 2( fi'’+'')(6)= (Xg+ nZ^, y_^-(n+ 1 ),Z^) 
z( p'^'"'')(7)= (X 3 + n2„, (n4l), Z^) 

Z( )j“^'')(4)= (Xq+ aZ^, y(j(n+1), Z^^ ) 


R( 

= (XQ+(n+1)Z^, 

yp -(n+1), 



. ‘ . 

5 ^0 

C. 

, Wp 

) = M ' ^ 

0 

1 

i 

(X„+ nZ ) 

and 



■■'X-, , eXp 




' f 

• • n+1 

(w^ , 

W. , Wp 

wc = M ' . 

n+1 

- (n+1) - 

(X^(n+ 1 ) Zq) 



CX j OC p 



. • . f - 
n 

f 

■^11+ 1 

= Z + 1 > 

0 

0 




since at any stage in our computation every variable has been 
asc.mnvd to take only positive integral values- it is clear 
that 


. tlie progrrim terminates . 



52 


EXAiviP .bE 2 

1 . 
2 . 


Conoid er the PS give below 


lEJiD X 
HEiiD y 


--fO 

>r1 


3. IP ( X y) 

4. y = y-x 

5. X = x+y 

6 . 

7. STOP 



The flowgraph is givenabove. 


= 

X 

0 

9 


Wg 


y 




L = 

3, 

i 4 , 

3,6,3; 


= 

4 9 

5 , 6 , 3 , 



Let;: 












R( 

h") = 

( OC 

n 

1 

9 

CM 





R( 

11+ 1 \ 



n 

n+1 

n+1 

n 

• • 


f ) 

= ( 

■^1 

+ cx^ 

, CX 2 ^ 

: ^2 







n 

n 

n s 






= ( 

(X 2 

, .■ 0 C 2 - 

CfC^ ) 


f ( 
n ^ 


j 

Wg) = 

n 

- 

oc 

n 

■1 

and 



„ / X n n n n 

• ° * " ^ n +1 "" ^2 



But from ( 1 ) above we know that 

TL (a;i;, L, n) = ac^ (I, ly 

.*. ¥n, f - f 0; hence, program terminates 

n 11 + 1 ' 

since every v-.i.rtable takes only positive values. 
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BaAiMPLE 3 ° porii^ider tlie *PS given below -vvith standard 
incorpretabi ons for symbols , 

1. A= 15 

2. 0= 10 

3. READ X 

4. READ y 

5. READ' E 


6 . II' ( X p y ) f. 


13 


7. X 

8. Y 

9. A 
10. B 


X+A-B 
Y+C-B 
A+GX 
B + N 


■ f 

A = 15 
C = 10 
R EiiD x >y>B 
Yes 

I A“ X+A— B j 

I 
I 

I 


K- 


11. C = C + B 

12. .g 

13. Slop 


IPie flowgrapii Is given £ihove 


L = 

F = 

Let 


6 , 7 , 8 , 9 , 

10 , 11 , 12,6 



7 , 8 , 0,10 

, 11 , 12 , 6 



= x; 

W 2 = y 



= 

o 

9v 

O 

X 

Bo- 

R) 

liipP') = 

A> E> 

Bn> 

°n) 

E(p“"*'')= 

(V\ - 

- V 


f^(wi Wj) 

H 

1 

it 




?J = A.i - 




_l stop"' 


y=Y+c-B 1 

0 . 

A ‘ = A ^CX 

1 

O 


o Z 

B = B+il 

£- 

C = C +3 

3 o 


/ 




S' 


\ 






A 
5 
_6 

7 

8 

9 . 

I 10 , 

\ 11 . j 
\ 4 f 

\ 12L / 

13 ' 0 


’ Wl 
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K ’ ’"2) - Vi ^ - *2) 

= - (Vl - Vi) 

= (\ - \} - (Y^+ - \) 

How, If A„ > 0„ for all tier, V.'., > f . 

il Ia Jl liT" j 

Lets assume A^> ( in this particular example this is true 

Let us assume as Induction Hypothesis is ^ ^n 1 


It is clear that 


•^n \i-1 

4- 

0 

1 


11 

0 

+ B 
n 



••• V Cn = V-1 - Vh + (Vl\ - =n) 

. * . From Il-i it is clear tha,t A::^> if and only if 

Vih - Bn > ° 

It is easily seen that 

B„ = B. + nK 
n 0 

Now, = C^_2 + B^_^ 

- C^_2 + (Bq+ (n-1) H ) . 

= C^_3 + 2Bq + H ( (n-1 ) +(n-2 ) ) ^ 

= 0 + (u-l )B + N i T- (n-i) } 

^ ° ^ i=1 ^ 

= C„ + nB„ + + L ; 

0 0 

where D is a constant i 

Nov;, since (I, i|j^) = LL(ji\^5]:^,L,6 ,6 ju) (x) ■ 

it is clear that the value of 0 because no variable in our; 
prog;ram t-kos a negative values, | 

I 

[' 
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^n-1 " \ 
and 


Oo \ 

_ + nH 


It follows tliot C -aX > B 

n - 1 n n . 


+ + BX^- 

n n 

Hence the program terminates. 


In some simple enough cases such as Example 1 above 
it is relatively easy to get an induction hypothesis concerning 
the form of the result or free computation vector at the end 
of n"^^ iteration of the loop. It is of course, then easy 
to verify this assumption by one more iteration.ia , However, 
in some cases, such as Example 2 above, it is not easily 
formed. In such cases, we use subscripted variable; symbols 
to denote the corresponding component of the free computation 
vector after n ~ iterations. The proof of termination then 

proceeds in terms of these symbols. In still other eases, 

\ 

v;g have to develop the explicit expression for some components 
of tlx‘ free computation vector. In example 3 above, we 
have; had to do tins for the program variables B and C. 

As illustrated in the above example, we have used 
a somewhat informal method for pro-ving program termination. 

In the first plji,ce the construction of the slack function for 
the standard relational predicates, has been made in such a 
way as to satisfy condition Ice. Becondly, in showing that 
the slack function takes decreasing values for any two 
successive iterations of the loop, we have made use of 
properties of program variables that are intuitively true, 

T he entire formalism could have been developed in terms 
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of a standard logical system, such as the K - system of 
liendelson, suitably raodified. If tho axiom scheraata in such 
a system is augiuentod by axion defining the slack function for 
a lai-ticular predicate in the system then condition 1 mould be 
a ];rovable thc-orej'i. I'ormalis.'-.tion of the pror'fs v/e h^-.ve given 
above imiiiodiately yields the desired result by modeis ponens, 

\Ve do not propose to carry out this formalisation in any greater 
detail as we are convinced that very little is to he gained 
by this. 

Ih'oving that the slack function is monotonica] ly 
deci easing for any two consecutive iterations of tho loop is 
quite often a rela-tively simple t<;sk oven for fhirly larga 
programs. This is so hecaut e explicit recognition is taken 
of the endencG oJ; tho progiam vs-riablos on each other. 

I'hus, assignments which in no way affect the truth or falsity 
of the., loop predicate can be ignored. This is in contrast 
to tho method developed by Z.hlanna ( 23 ) in which case tho 
siae of the wff asr'oci.'itod v/ith tho profram is directly 
ijr ojiO.t. tioi'ii^l to the siao of the j>rogro.m. 

how, if th o loop predicate contains ’'lore than one 
simple/ pro. icf.j,te term in its d.n.f. then the loop is guaranteed 
to ti'Tidnato if for any of the simple predicate ter^s the slack 
fun(,tion satisfies condition 1. \''e also note, using the result 

of Boiini & Jacopini (41 ), that any loop can be put in ore 
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of the three 



4 



types . 






5 


S' e have given an algoiithm to construct a slack function 
lor type 1 innermost loops. Now, we note that if in a type 2 
innerruost loop, the function foun(i using the ahoA^e algorithm for 
at leact one simple preiiicate term in ttecKn.f. of at least one 
of the loop predicates, ignorin; othcr 5 sa±,sfio& the condition 1 
then the loop terniin. i.tes . 


§ 3.4 I'niil'lSl.EiivCE 

vVe corisidor the termination of a loopset in this 

secti on , 

3.4.1 Let 

( (1) (2) (n)) 

L = ( L , L , . . .L ) he a loopset in 
a PS /f. ( >. 3 c, p) vdth a flowgraph ; I he any interpretation 
and he a periniocihlc statcvector vdth respect to an ENP 

of the loop % 1 . 

(r) if 

We say an EXS( A, I, enters^ the loop I 

(r ) 

the hXS tij) traces an arc ( x, y) L^ 
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I Q) 

such that Vj ^ I Tty ^ 

E 3 s said to be £ers_is_tent if E?'Ti(A,I, rij ) enters 

(r } 

the loop L then it does not enter any other loop before 
it exits, if at all, from the loops et. 

iJote th ..t the property of, persistence is for iill values 
ot the permissible statcvector w.r.t. every EMP of the loop, 

A simple of u persistent loopset is one in which every 
predicate whiich is not a loop predicate, the- vo,ria''iles occuring 
in it are free in that loop. 

5.4 •. 2, TheoreiTK Let I be a persistent loopset and 

lot every loop in it terminate. Then, the 

loopset terminates. 

irocf for this theorem is imriediate from the definition 
oi ,,;-ex sir- 1 once. 

Consequence of the persistence property of a loopset is 
bbat can conir. ider the different loops in the loopset a 
independently of eo.ch other for proving tormiri;'tj on and conclude 
the t'. 1 miricttion of the entire loopset. 
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3 . 5 REi' _ _ARD _ COircLUSIOMB 


We notice that if every loopset in the flowgraph is 
persistent then the above technique can obviously be applied 
even to flowgraphs containing, intersecting loopsetc. how, if 


a loop in a loopset has no EXP £ 



s below then, we notice that 
by defining VI to be the EXP 
of L, we can apply the given 
technique. The given algorithm 
can be easily extended to cases 
where loopsets may not be 
persistent but the pattern of 
alternation bctv;een the various 
loops in the loopset is known 


in advance. 


f'Q have not included "DO" tyjje statements as in PORTRAF 
in our ACL because "DO" loops with no conditlono.1 loops always 
toi''''!in;ito . Our algorithm can be easily be extended to deal with 
loops contnj ning 'DO" loops. We have not allowed subscripted 
variables in our ACL because it does not have "DO" type 
sta tei'icnt £ in it. It is easy to see that the computational 
povvor of ACL is not hampered by not including these features. 


It wc,s found by examining about sixty programs ( 30 short 
jobs, 20 express jobs, 10 long jobs) subraitted at the Computer 
Gentle in I.I.T., Kanpur that very few ( 4 ) programs had any 
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concentric loops in them. There was not even a single 
prop, I am having a loopset of the type 3a. The loopsets 
wore found to be almost ah? ays persistent and even for 
those minority of cases whore loopsots wore not persistent 
the pattern of alternation between the loops of the loopset 
could bo very easily found. The algorithm was worked out 
i.ianually with grout success, suing only very obvious facts, 
in all but two cases. 

In the Appendix we have v/orked out our algorithm for 
soinc interesting cases. 


-oOo- 
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.. CHAPTER 4 

S 4.1 *buggestions 

The algorithm outlined has been found to work success- 
fully in most of the programs taken for manual check through,, 
without the need for very complex heuristics. 

One very simple case for which the algorithm given here 
fails is given below (50). 

Exampl e ; (Euclid's algorithm); Given two positive integers 

m and n find their greatest common divisor i.e. the largest 

positive integers which evenly divides both m and n. 

-] 

ste_£__l ra = ra is the larger of the two numbers. 

Step 2 Find the remainder 

S tep 5 If the remainder is zero then the algorithm termina- 
tes with n as the answer 
Step 4 m = n; n = r go to step 1 

It is easily seen that the flowchart given below carries out 
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The algorittiin E can be proved to be terminating as follows; 

At the end of step 2 the value of is less than ri, so if r = o 
the value of n decreases the next time step 2 is encountered, 

A decreasing sequence of positive integers must eventually 
terminate after a finite number of steps. Hence step 2 is 
executed only a finite number of times for any given n. 

Our o-lgorithm would succeed in proving that the inner 
loop terminates but would come out with no definite answer 
for the outer loop. jBecause in this particular problem r ia 
a remainder, it need not, in general, decrease monotonically . 

In this example we notice that the value of n is decreas- 
ing in the outer loop. Our algorithm can thus obviously be 
extended to solve such cases. 

Consider a loop with a looppredicate of the form 
w^ pwgs v/here and ^2 are variables which are bound in the 
loop. Ba.sically, we compare in our algorithm the rate of 
change's of and Wg . It appea rs that if ’'/e could transform 
this loop into two loops such that in each loop only it may 

l/J t Vv^ 

one of tlui predicate variables is bound & the other is free^ 
require lesser amount of heuristics ^checking whether the 
slack function satisfies the condition 1. The transformation 
WG look out for need only be termination preserving. In this 
connection an interesting transformation was found for a 
particular type of the inner loop,, but its generalisation 
to for all types of loops v^ith any assignments has been 
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evasive so far. 




wo/ 


V 


/ 




X-yt A*! 
/} ^ _ ‘ 


X/ 


..J. 


L =. O ! 


•i 

S-C 




V^*/XNo 
X ^ + .V I , 

I ■- r 4 1 ! I 


i 


It appears that the generalised transformation must 
he on similar lines. 


We have mainly concentrated on proving termination of 
inner most looijs only. The question of termination of 
concentric loops has to he examined. Some attempt in this 
direction is given in Appendix 2. 

In this thesis wc have concerned ourselves only with 
the problem of proving that a given program terminates, hut 
another useful question to answer would he "How soon would 
the algorithm terminate?" I should he useful to he able to 
give time estimation for the execution of such programs. 

Meyer & tlichie (31) have found a pretty close hound on the 
time required to execute a program containing only "DO" 
type loops. This time estimation along with storage require- 
-ments will he useful in comparing programs (49)* 

We now make an interesting conjucture, the proof for 
?;hich lias been evasive. That is "It is recursively undecid- 
ahle to decide whether any given loopset is persistent or 


not. " 
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Finally we have considered the termination of pro- 
gram for all values of input variables but it would be very 
useful to study how the different valuers of data affect 
the terioination of a program. That is, we would liho to 
find out the sets of values of data for which the program 
terminates . 

- o 0 o - 


f 
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A P P E E D I X - 1 


Example 1j_ Consider the PS with standard interpretations. 


1 . L = 1 

?. T = TN 

3. IE (L=1 ) I'y 

4. IE (L=2) 

5. IE (L=3) 

6. ^22 

7. Q = H*E*Civ 

8. T = Th+H/2 

9. X = XI+ Q/2 

10. L = 2 

11. 

3 

12. Q = H*E*CK 

13. I = l'N+H/2 

14. X = XN+0/2 

15. L =r 3 

16. 

17. Q =ir>"I''-'"Civ 

It’.. I 



19 . 

X = 

Xl'l4-'<^ 

20. 

L = 

4 

21 . 

^11 


22. 

Q = 

H*E*CK 

23 . 

IN 

= Ih+H 


24. IE(Ii:^1l) I 2 Y 

25 . XE = ni+ E 

2f. 

27. S'lOP 
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Note that the loopset with the fii;. t vortex at 1 and the 
la&it vertex at 11 is not persistent hut it is observed tbo.t once 
the loopoot is entered each loop in it is executed exactly once, 
I'-he out(.r loop has an EXP at 24. The predicate variable TN 
is affected in each loop of the inner loopret. hince we know 
that the loop in the inner loop&ct is exactly onccy it is seen 
that TU re'rains unaffected even after the execution of the 
inner loopset hut in the outer loop Tl-i is found to he increasing. 


It is easily soon that 


("’i- "2) = 


^n+1 > 


Wg) = 


¥nj f^ > f. 


n+1 


- (TIT^ + nH^) 

11 (TH^= (n+1) H^) 


Honcej the prograru tcr.'einates . 
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Example ^ 2 ;: 


■ '1 

t 

1 . ZEI = HI 



2. K - ^UP - XL0)/ZNI 


V)/ 

s/ ;f. ~ 

3. IP (lJdi:X=1 ) Ip 





iOA. . 

'^10 


V 

M V 

5 . S = 0 



6. ZN = H 


v/ 

7. X = XLO - (ZH~ 2.)*H 


U., 

r 

8 . & = k.j + A 


, jf ' ' \9:X 1 

./ NV 

9. IHpEX = 2 


-V' ' 

1? ' • 

10.5 = b+T 

1 1 .1=0 

12.ZH = II 



13 .x = XIO + ZH*H 

U.l' = T + B 

19. 

I 

^23 

13,bAir:A = (0+l}H-2bf4T)^'H/3 

20. 

M 

II 

OO 


1&.DI = ABb( 1. - DAjlEA/SAhEA)21 . PI BP = PIPE 

17. IP ( 3}]PP<Eim) I'23 22. 

18. IP (riPP^PIPP ) 1-20 23. S'lOP 


Hote th-'it the loopf^et le not persistent hut it is ohseivod 
that the L ' is er'vcutodj if at all, only once anri hei*f?fe L 
is the loop for the termination of which we h -.ve to test. 

'L'hc PAP * s are at 17 19. 
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Conrdc!_e_r the JDXP at 17 

= DII'F; W 2 = ERE 
It is easily seen that 

^n ^^1 ^ ^ -J}AREA/( ( C+I)+28Q+2nHQ+2B^ (n+2 ) * (X¥P- XIO^) *6*2%T^ 

- ERR^ 

0 

fn^^(wi5W2) = (l-D.iREA/(( C+D+2S^ + 2nKQ+ 211^ + 2nB^ 

+ 6B^) (XUi- XLO) 6* - ERR,, 

o r. o' . ... 0 

How, if we asEUine f^ and take only integral values then 

¥n, if B^+H > EI^ 

’ n ' n+1 o o 0 . 

I'he EXP at 1 7 can also he scon to result in the sa’ie expression. 
Eote that in this program Both varia>ilos in the loop predicate 
are hound in the loop. 
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APPENDIX 2 


Termination of concentric loops 

( 2 ) 


Let us assume a loop L^""^ encloses 

x.^, X, , i p, = X. ^ , 


U ( ) ( —jr V 

(see figure Lelo?/) 


>• 


\ 


an innermost loop 
, . X . , ) only . 


If v.'e do not allovr any intersecting loop sets in our PS 

then it is clear that there can be only one entry point (Xj^l ) 

and cne exit point from and to the outer loop^to the 

inner loop. Let us assume the innermost loop to be terminat- 

(2) 

ing. Let the set of variables bound in L^ be 


. . V. ) and the set of bound variables in L 


(1 ) 


be 


3n 


Cu u u ). Lot (x. ) be the set of bound variables 

jl , 32 dm 2 X , 

in I- which affect the loop predicate of L^ ' at the 

(l ) 

vertex Xj_. Let be the set of bound variables m L 
which affect the variables in the loop predicate at 


Now if n V., = 0 then it is clear thiat the innerloop has 
no effect on the termination of the outerloop. Now if 
Vj = A 7 ^ 0 then by replacing the loop L^ by a series 
of expressions corresponding to these variables in R(u^ ) 
we can simulate the effect of execution of the inner loop 
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n times. Note that the variables in these expressions take 
values just prior to the entry point of the innerloop and 
give the same value as the execution of the innerloop n times 
would do. How-if the termination of the outer loop, with 
the above expressions replacing the inner loop, that the 

loop ' is transformed into an innermost loop) can be 
t>T-t»v»ttto be terminating irrespective of the index for the 
number of times the innerloop is executed then the outer 
loop terminates. We notice that every time the outer loop 
is entered, the number of times the inner loop is executed 
may be different. This is obviously a much stronger condi- 
tion than necessary. This condition may be useful if some 
additional information regarding the number of times the 
inner loop is executed is given. The extension to the case 
when the loop enclosed is a member of a loop set, assuming 
the inner loop set is persistent and terminating is immediate. 

An exanple to clarify the technique is given below;- 
Examplo 1 s- Consider the PS given below with standard 

1 N=0 interpretation for symbols. 

2 T = 0 

3 T1 = T+DT/2 

4 KPMI = EPM+Q1/2 

5 T2 = T+DT/2 

6 T3 = T+DT 
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7 RPM3 = RPM + Q3 

8 RPM = RPM + -A 

9 IP(P=1.) 

10 I = P+DT 

11 SPEED = RPM 

12 J = J+1 

13 IP(T+D'r/2 < .01 ) ^3 
U T 0 0.0 

15 R = N+1 

16 IP (Ry75) t3 

17 P = P+1 

18 IP (P ^175) f2i 

19 R = N-1 

20 ^28 

21 P = 0 

22 AVN = 0 



23 AVI = AVI+K+AMP 

24 AVN = AVN+K+SPEED 

25 ACTQ=-C+AVI-A+B*AVN-TORQ+ACTQ 

26 PRIIJT I 

27 IP (ACTQ>. DIQ) t, 

3 

28 STOP 

The flow-graph for the PS is given above. ITote that the 
graph contains interesting loopsets but it is observed that 
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evr.ry loop set is persistent*. 

Let = 3-8, 9, 13, 3 

I'lie EXP’s are at vertex 9 & 13 
Consider tJie EXP at 9; = P,“ W2 = 1 

• ’ • (w^ , W2) = P-1 5 

^n+1 "^2^ = ^“''5 

Hence, this lunction does not satisfy condition 1 
can not conclude any thing 8,t this stage. 

Consider the EXP at vertex 13. 

= T+DT./2 ; W2 = 0.01 
(w^ , VJ 2 ) = *01 - (T+DT/2'fe-(n+1-) ) 

^n+1 ^'^^1 = .01 - (T+DT/2 ^(n+2-) ) 

P. - ^n+l = ° 

(1 ) 

.*. ^ terminates thro’ 13. 

Consider = 3-9, 14-16,3 

EXP is at 16; 
p is 7 ^aM( 16, 17) = 0; 

^1 ="11? W 2 == 75 

. * . M = H - 75 or 75-N 

^n ^’"^l ^ ^ or 75 - (H+n) 

^n+1 ^^'^'1’ ^ 2 ^ = " (N+(n+l)) 

•** ^n^^l' '^’2^ “ ^n+1 ^2^ 75-(H+n) 

-75 +(lTH-(n+l)) 


\v o 


>0 
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*. ¥ n, f (w^ , ^2^“^n+1 ’ ^ 2 ^^^ ancL^^(w^ , w^) 


Consider I 


terviinates thro* 16 

T. (5) _ "Z A C ■s 


5-16,3 


This can also be shown to terminate thro' 16 
Consider = 3-18, 21, 27, 3 

The EXP's aro at 18 & 27 
enclose ^ 

(1) (2) 

IJone of the assignments in L'' ' or I. ' affect the loop 


predicate at 18., 


Hence, we can ignore the entire set 


h ) (2) 

of statements in ‘ and It is then easily seen that 

terminates thro' 18. 

Consider the EXP at 27; = ACTQ; w^ = DTQ 

The assignment statements at vertex 8 & 1 1 affect the loop 

predicate; 27. Both of these statements are contained in 

(1 ) ( 2 ) 

1' and L Let r^ and ^2 total number of times 

(?) 

these two statements are executed before leaving the I^''^ 
and entering at vertex No. 21, when is executed 

n and n+1 times w.r.t vertex 27, respectively. Therefore, 
for n and n+1 the iterations of w.r.t vertex 27 the 

( 1 ) (2) 

loop L' ' and L ' can be replaced by the following 
equations . 


SPEED = RPM + r^*A 
RPM = ivPM + r,,*A 


SPELD = RP?^ + r2*A 
RPM = RPM + r2*A 
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• “• ' ''^2^ ~ + n ■^‘ k AI'lP ) - A"''- n 

+ B ^ n * ( AVl'I + n * k * (RPII +->)) 

t 

- n * TOLQ + ACTQ 

+(n+l)* k * AlflP) - A* (n+1) 

+B *(n+l)*(AVB+ (n+1)^ k *(RE;I + 

- Cn+1 )* TOEQ + ACTQ 

( In both the above equations tie values assigned to 
vari. abler aio those beioTC just entering the entire set of loop 
In general, ve will not bo able to decide if ¥n, f^ ^n+V 
It is e£isil37- seen that = r 2 - In this particular example 

•** ^n “ ^n+l'^ ~C*n*AVI - k^n*2C*AiiP - A*n +B*n*AVB 

+B*n^^k^-RPj''T + B*n^*k*r^*A - n*TOEQ + ACTQ 
+C*(AVl)*(n+1 ) + C*(n+1 )^"^kA-lP + A-'^(n+l) 
-B*(n+D*AVn - B*(n+1 *k*RPH - B*(n+1 )^*k*r^ *A 
+(n+1 )*TOEQ + ACTR 

= C*AV1 + 2^k*C*n*Ai’!P + C*k*Al'’lP + A-B*AVN 

- 2^B*n*k *rjr.- - B*k*RPM - 2*B*n*k*r^'-A 
-B*k*r^*A + TORQ 

Again, t?iis expression is not independent of and 
hence wo can not oay anything about its termination thro' the 
EXP at veitex 27. 
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